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Abstract

We introduce Coarse Q-learning, in which a decision-maker partitions alternatives into
coarse similarity classes, chooses among them by logit, and learns class valuations
by averaging experienced payoffs. Even in stationary bandit problems with indepen-
dently drawn menus, choices change the composition of pooled feedback. This en-
dogenous sampling can generate a unique globally attracting mixed equilibrium with
limiting indifference, multiple stable strict rankings, or persistent cycling. Learning
can reduce welfare even when the coarse representation admits efficient choice. An ap-
plication demonstrates how digital platforms may exploit this feedback by promoting
high-quality products to sustain purchases of inferior products under a common brand.
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1 Introduction

Consider a consumer, Alice, who has recently moved to Paris and dines out regularly. To
discover her taste in wine, she orders a bottle to share with friends on each occasion. Facing
a vast and unfamiliar selection across restaurants, Alice simplifies her choice by relying on
wine categories based on region of origin, such as Bordeaux or Chianti, and price range. She
typically favors the category she currently values the most, occasionally explores others, and
uses each bottle’s realized experience to update her assessment of its category. We ask how
she will compare these categories after accumulating sufficient experience.

One might expect Alice to eventually learn each category’s average quality, much as a ban-
dit learner discovers an arm’s expected payoff. This intuition, however, overlooks how her
choices determine the composition of that average. Restaurants differ both in the categories
they offer and in the wines representing each category. When Alice comes to favor Bordeaux,
she orders it more often in restaurants where Chianti is also available, but her choice is un-
changed where Bordeaux is the only available category. Relative to Chianti, her Bordeaux
observations therefore place more weight on wines offered alongside Chianti. Even though
every wine has a stationary payoff distribution and restaurant menus are drawn indepen-
dently from a fixed distribution, the mixture of wines she samples within a category changes
with her valuations. A similarity class is generally not a bandit arm with a fixed mixture
distribution as the choices based on its assessment change the evidence used to assess it.

We study this endogenous sampling feedback mechanism in a stationary bandit problem with
independently drawn menus and independent payoff shocks. Alternatives are partitioned into
similarity classes, and the decision-maker maintains one valuation per class. She chooses
among available classes using the logit rule, selects an alternative within the chosen class
by a fixed tie-break, and updates the class valuation toward its realized payoff. Harmonic
visit-count learning rates make this valuation a sample average of observed payoffs. We call
this dynamic process Coarse Q-learning (CQL). It combines familiar reinforcement learning
(Skinner, 1938; Caplin and Dean, 2008; Glimcher, 2011) with categorization (Rosch and
Lloyd, 1978). Memory and sample constraints motivate tracking a few categories rather than
many alternatives; limited salience provides a natural basis for organizing those categories
around attributes such as region and price (Tversky, 1972; Bordalo et al., 2012, 2013).

With a separate class for every alternative, learning recovers the alternatives’ expected pay-
offs in the long-run, and increasingly sensitive choice selects the best available options. Coars-
ening changes this conclusion because valuations and the distributions they estimate are
jointly determined. The resulting feedback can produce robust indifference, several stable
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strict rankings, or persistent fluctuations. These outcomes require neither non-stationary
fundamentals nor strategic interaction: they arise from pooling heterogeneous observations
whose composition depends on the learner’s own choices. Throughout, sensitivity to valua-
tion differences is held fixed during learning; we then study long-run outcomes as sensitivity
increases, so that mistakes induced solely by logit exploration vanish in the limit.

Our central result identifies conditions under which experience leads to indifference. Return
to Bordeaux and Chianti, and suppose, for simplicity, that the wines offered on their own
are equally rewarding on average and sufficiently better than those offered when the two
categories compete. This may reflect the expertise of restaurants specializing in a particular
wine region, whose carefully curated offerings compare favorably with those of establish-
ments catering to a broader range of tastes. A preference for Bordeaux then increases its
exposure to less favorable competitive experiences, while Chianti’s assessment relies more
heavily on favorable experiences where it is the only option. This feedback corrects the initial
preference. In the high-sensitivity limit, a strict ranking cannot sustain itself: the category
losing every comparison would be assessed through its favorable singleton experiences, un-
dermining its lower valuation. Learning instead sustains indifference and nontrivial mixing
between categories, even when their representatives in the competitive menu have different
expected payoffs. The result extends beyond this illustration.

With singleton menus for every class and a connected pattern of competition, a sufficiently
large common increase in singleton payoffs yields a unique equilibrium to which learning
converges from every initial assessment. As sensitivity increases, its limiting policy continues
to mix in at least one competitive menu. Indifference thus arises for open sets of primitives,
rather than for equal objective payoffs. Nor is the resulting randomization simply residual
exploration - the composition of observations must remain balanced to sustain the equal
limiting valuations. More generally, we identify a self-correcting feedback condition under
which stronger competition from a rival weakly improves a class’s sampled payoff, ensuring
global convergence to a unique equilibrium, even in the absence of singleton menus.

Reversing the payoff comparison can reverse this feedback. If singleton experiences are
sufficiently unfavorable, a class favored in competitive menus receives better observations,
while a neglected class is assessed mainly through its disappointing singleton experiences.
Under suitably rich menu support, several strict rankings become self-confirming and locally
attracting from nearby valuations. Initial assessments and realized experiences can then have
persistent path-dependent effects on choice. With three or more classes, and at least one class
yielding heterogeneous expected payoffs across competitive menus, corrective and reinforcing
feedback can also interact to prevent convergence of learning altogether. We construct an
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open set of decision problems with only three classes in which, at every sufficiently high
sensitivity, the unique equilibrium is unstable and our stochastic learning almost surely
has a non-constant periodic limit set. Persistent cycling can therefore survive stationary
fundamentals, sustained exploration, and diminishing learning rates.

To establish these results, we derive the mean-field dynamics of harmonic visit-count coarse
Q-learning in continuous time using stochastic approximation. Their steady states, smooth
valuation equilibria (SVE), exist at every finite sensitivity, and their high-sensitivity limits
refine the valuation equilibria (VE) of Jehiel and Samet (2007). Using o-minimal geometry,
we show that this refinement is generically finite even when the VE set contains continua.
We also characterize precisely which strict VE survive vanishing logit exploration and show
that they are approximated by locally stable SVE at all sufficiently high sensitivities.1

The welfare analysis separates the cost of coarse representation from the additional cost of
coarse learning. Our benchmark is a fully informed oracle using the same categories, within-
class choice rule, and common class scores across menus. Its optimal policy is generically
unique and can always be implemented by a strict ranking of classes. When each menu has
a unique best class, a common ranking selects it in every menu if and only if the required
comparisons are acyclic. Even when this efficient policy is representable, learning need not
attain it. Singleton payoffs make the distinction transparent as they contribute the same
unavoidable payoff to every ranking, yet change the ranking or mixture that learning sustains.
In the wine illustrations considered below, Bordeaux is better when both categories are
available, but learning can either favor Chianti or mix between them indefinitely in the high-
sensitivity limit. Reweighting feedback flexibly across menus and histories cannot generally
close this welfare gap. We establish an impossibility result for payoff-assessment learning
by constructing a family of decision problems in which any coarse learner who eventually
assesses homogeneous classes correctly and uses the same monotone stochastic choice rule
across menus suffers a strictly positive welfare loss relative to the oracle in the long-run.

Later in the paper, we develop an application that shows how a digital platform that sells
its own products along with third-party ones can exploit this feedback through algorithmic
prominence (Lee and Musolff, 2025; Farronato et al., 2023). Consumers pool experiences
across products of unknown, heterogeneous quality sold under the platform’s common in-
house brand label, while a competitor offers constant quality. Prominence removes the
competitor from consideration in selected product states. Under complete information, pro-
moting the high-quality product cannot increase sales, since consumers already prefer it to
1A strict VE survives the refinement if and only if each class’s valuation equals its average payoff across the
menus that minimize its valuation disadvantage to competing chosen classes, weighted by their probabilities.
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the competitor. Under coarse learning, however, the platform’s optimal deterministic policy
can promote only the high-quality product, with its favorable feedback sustaining purchases
of inferior products under the same brand, even when the competitor remains available.
The resulting disappointments offset the favorable promoted experiences, leaving consumers
indifferent between brands. In our illustrations, this policy diverts sales from the competitor
while preserving consumer welfare at its no-prominence level. Yet consumers could achieve
a higher payoff using the same categories by buying the promoted high-quality product
and otherwise choosing the competitor, a ranking that payoff-based learning cannot sustain.
We also show how randomized prominence can further raise platform profits at consumers’
expense, while prominence costs can make deterministic policies optimal.

Section 2 presents the learning model and its mean-field dynamics. Section 3 develops the
equilibrium, learning, and welfare results, with illustrations of their mechanisms. Section 4
studies algorithmic prominence. Sections 5 and 6 discuss Bayesian foundations, interpreta-
tions, and related literature. Section 7 concludes. All proofs are in the appendix.

2 Model

2.1 Primitives

Let A be a finite set of alternatives and Ψ := {ψ ⊆ A : ψ ̸= ∅} the set of menus. Time is
discrete, k ∈ N0. In each period k, Nature draws a menu ψk independently according to an
exogenous distribution f ∈ ∆(Ψ). Alice chooses an alternative a ∈ ψk and observes a reward
ra,k. Each alternative a has a payoff distribution Ra ∈ ∆(R), which does not depend on
the menu in which it appears. For each a, the sequence {ra,k}k≥0 is i.i.d. with law Ra, and
these sequences are independent across alternatives and independent of the menu process.
We assume uniform square-integrability: supa∈A E

[︂
r2
a,k

]︂
≤ M2 < ∞, and write µa := E[ra,k]

for the expected payoff of alternative a. Alice is risk-neutral and does not know the payoff
distributions. She learns about expected payoffs from the rewards she observes.2

Alice represents the alternatives through an exogenously fixed partition S into similarity
classes. Let ρ : A → S, with ρ(a) = s if a ∈ s, be the similarity projection assigning each
alternative to its class. Alice represents an alternative only through its class and maintains
one payoff estimate per class to guide her choices. This coarse representation economizes
on both memory and data. When alternatives are numerous, maintaining a separate payoff
estimate for each places substantial demands on memory, while learning about rarely sampled
2A standard interpretation is that each alternative a has a deterministic fundamental payoff µa, and the ob-
served payoff is a noisy signal ra,k = µa+εa,k, where {εa,k}k≥0 are i.i.d. mean-zero shocks. The stochasticity
of payoffs may reflect either imperfect monitoring of the fundamentals or idiosyncratic taste shocks.
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alternatives rests on few observations. Organizing learning and choice around a smaller set
of categories reduces the number of estimates Alice must retain and allows a broader set
of experiences within a class to inform the payoff estimate, in line with the principles of
categorization studied in psychology (Rosch and Lloyd, 1978; Anderson, 1991).

Attribute salience provides a natural basis for organizing these categories. Alternatives
typically differ along many payoff-relevant dimensions, only some of which attract Alice’s
attention. A consumer, for example, may distinguish wines by region and price while paying
little attention to vintage or producer. We assume a fixed attention mechanism: an attribute
is either salient or not. Alice groups together alternatives that coincide on the salient dimen-
sions and learns a common expected payoff for each class. She treats the payoffs sampled
from a class as i.i.d. draws conditional on a common but unknown stationary distribution.
In reality, her classes need not reflect objective payoff homogeneity, because the salient at-
tributes need not coincide with the attributes that are most predictive of payoffs.

2.2 Discrete-time Learning Model

Let T = (A,Ψ, f, r) denote the stage decision problem defined by the primitives above.
At the beginning of period k, Alice has a valuation vk(s) ∈ R for each similarity class
s ∈ S, representing her current estimate of its expected payoff. Write vk = (vk(s))s∈S for
the valuation vector, with v0 specifying her initial assessments. Alice perceives the realized
menu ψk through the set of represented classes, ωk := ρ[ψk] = {ρ(a) : a ∈ ψk}. The history of
observed class menus, chosen classes, and realized payoffs generate her information filtration
Fk = σ-alg

(︂
(ωt, st, rt)t<k

)︂
at the beginning of period k. Her initial assessments v0 and this

history determine her current valuations vk. Given vk and the realized class menu ωk, she
chooses among the available classes according to the multinomial logit (softmax) rule (Luce,
1959), commonly used in reinforcement learning models and logistic fictitious play (Sutton
and Barto, 2018; Fudenberg and Levine, 1998; Hofbauer and Sandholm, 2002):

σ(s | ωk; vk) =
exp

(︂
βvk(s)

)︂
∑︂
j∈ωk

exp
(︂
βvk(j)

)︂ , s ∈ ωk,

with σ(s | ωk; vk) = 0 for unavailable classes. The parameter β ∈ [0,∞) measures Alice’s
sensitivity to valuation differences and remains fixed throughout the learning process. At β =
0, she chooses uniformly among the available classes. Higher sensitivity places greater weight
on classes with higher valuations, although every available class retains positive probability
at any finite β. Holding valuations fixed, choice probabilities concentrate on the highest-
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valued classes as β → ∞. We are particularly interested in analyzing the long-run behavior
of the learning process for a decision-maker with sufficiently large sensitivity β < ∞.

Conditional on the chosen class sk, an alternative ak is drawn exogenously and uniformly
from sk ∩ ψk.3 Thus, Alice’s valuations determine the probability assigned to each available
class, which is then divided equally among its available members.4 Denoting the cardinality
of a set by | · |, the resulting probability of choosing alternative a ∈ ψk is

νk(a | ψk,vk) := Pr(ak = a | ψk,vk) = σ(ρ(a) | ωk; vk)
|ρ(a) ∩ ψk|

. (1)

After the choice, Alice observes the realized payoff rk := rak,k, but receives no counterfac-
tual feedback about unchosen alternatives. She updates the valuation of the chosen class
according to the temporal-difference (TD) recursion:

vk+1(s) = vk(s) + 1{sk = s}αk(s)
(︂
rk − vk(s)

)︂
, s ∈ S. (2)

The reward prediction error rk − vk(sk) measures the difference between the observed payoff
and Alice’s current assessment of the chosen class. A positive prediction error raises its valu-
ation, while a negative one lowers it. The valuations of unchosen classes remain unchanged.
This recursion is the bandit variant of asynchronous Q-learning (Watkins and Dayan, 1992;
Sutton and Barto, 2018), with valuations maintained at the coarser similarity class level.5

We use harmonic learning rates indexed by class visit counts. Let

Nk(s) :=
k−1∑︂
t=0

1{st = s}, αk(s) := 1
κs +Nk(s) + 1 , κs > 0, (3)

where Nk(s) counts the observations of class s collected before period k. The parameter κs
determines the weight attached to Alice’s initial assessment. The learning rate declines as
she accumulates observations of that class: periods in which the class is not chosen leave the
weight on its next observation unchanged. Under the maintained assumptions, valuations
remain bounded almost surely and every class that appears with positive probability is
sampled infinitely often. Consequently, the effective step-sizes satisfy the usual Robbins and
3Uniform tie-breaking uniquely obeys label-independence among alternatives within the chosen class. More
generally, we allow for any fixed exogenous tie-breaking kernel Υ(· | s, ψ) supported on s ∩ ψ.

4At fixed valuations, duplicating an alternative within a class leaves the perceived class menu and class-
choice probabilities unchanged. It only redistributes probability within that class, avoiding the usual issue
of probability inflation associated with IIA in the “duplicates problem” of Debreu (1960).

5In the appendix, we allow for vanishing UCB-style optimism bonuses that encourage finite-sample explo-
ration and show our asymptotic analysis is robust to such modifications of the learning rule. Also, we omit
the bootstrapping term usually considered in MDPs since our i.i.d. menu process is action-independent.
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Monro (1951) conditions, ∑︁k 1{sk = s}αk(s) = ∞ and ∑︁
k 1{sk = s}αk(s)2 < ∞, almost

surely. The boundedness and sampling arguments are provided in the appendix.

This choice of harmonic learning rates gives valuations a direct interpretation as averages of
past observations (see Section 5.1 for a Bayesian foundation). Iterating (2) yields

vk(s) = κsv0(s) +∑︁k−1
t=0 1{st = s}rt

κs +Nk(s)
. (4)

Every observed payoff from class s receives the same weight in its current valuation, while
the initial assessment carries the weight of κs observations.6

The averaging rule pools observations whose composition is shaped by Alice’s choices. Dif-
ferent menus may offer different representatives of the same class, and her current valuations
determine how frequently she selects that class in each menu. The conditional distribution
of payoffs entering its sample average can therefore change as valuations evolve, even though
each objective alternative has a fixed payoff distribution. Valuations influence the evidence
used to revise them, creating the feedback at the heart of our coarse learning dynamics.

Together, (1)–(3), the initial valuations v0, and the pseudo-counts (κs)s∈S specify the learning
process in the given environment. The next subsection develops a continuous-time approxi-
mation that tracks both valuations and class visit frequencies to study its long-run behavior.
With harmonic visit-count step sizes, Alice’s response to a new observation depends on how
often she has sampled the corresponding class. To describe the evolution of her valuations,
we therefore keep track of the class sampling frequencies as well. Let χ := ∑︁

s∈S κs, and

xk,s := κs +Nk(s)
χ+ k

, s ∈ S.

The vector xk records the empirical frequencies of class choices, including the initial ob-
servation weights {κs}s∈S . Its coordinates are strictly positive and sum to one, and the
contribution of the initial weights vanishes as observations accumulate.7

2.3 Continuous-time Asymptotic Approximation

To describe the expected motion of this process, fix a valuation vector v. The probability
that Alice chooses class s in a period is Λs(v) := ∑︁

ψ: s∩ψ ̸=∅ f(ψ)σ(s | ρ[ψ]; v). Conditional
6κs can be interpreted as a prior pseudo-count: a larger value makes Alice’s initial assessment more resistant
to revision, although its weight vanishes as observations accumulate. Under suitable conjugate priors,
(4) coincides with the Bayesian posterior mean of a class’s expected payoff under Alice’s misspecified
(subjectively) stationary model in the one-parameter natural exponential family; see Sec. 5.1 for details.

7For our analysis, we consider and retain only the classes that are available in at least one supported menu.
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on choosing s from menu ω = ρ[ψ], uniform within-class selection yields expected payoff
µs(ψ) := 1

|s ∩ ψ|
∑︁
a∈s∩ψ µa. Averaging over the menus from which Alice chooses s yields

gs(v) :=

∑︂
ψ: s∩ψ ̸=∅

f(ψ)σ(s | ρ[ψ]; v)µs(ψ)∑︂
ψ: s∩ψ ̸=∅

f(ψ)σ(s | ρ[ψ]; v)
.

gs(v) is the expected payoff observed when class s is chosen under valuations v. The dif-
ference gs(v) − vs is Alice’s expected prediction error for that class. A positive expected
prediction error raises its valuation, while a negative one lowers it. After rescaling time to
account for the diminishing learning rates, the mean-field asynchronous dynamics are

v̇s = Λs(v)
xs

(︂
gs(v) − vs

)︂
,

ẋs = Λs(v) − xs,

s ∈ S. (5)

Here, x is a strictly positive probability vector, and the derivatives are taken with respect
to learning time. The two equations reflect the distinction between current behavior and
accumulated experience. Class s is currently chosen with probability Λs(v), while its learning
rate depends on its historical sampling frequency xs. At a sufficiently late date k, a new
observation of s receives weight approximately 1/[(χ + k)xs]. Combining this weight with
the probability of observing s yields the factor Λs(v)/xs in the valuation equation.

For a given expected prediction error, valuations adjust faster when a class is currently
sampled more often than its historical frequency would suggest. The frequency equation
describes how that history itself changes: xs rises when the current probability of choosing
s exceeds its accumulated share, and falls when the inequality is reversed. Diminishing
learning rates also make the effect of payoff and sampling noise small over fixed intervals of
learning time. This connection between the stochastic recursion and the ODE can be stated
precisely using standard stochastic-approximation results (Kushner and Yin, 2003).

Proposition 1 (Continuous-time approximation). Under the maintained assumptions, fix
β ∈ [0,∞), positive initial weights {κs}s∈S , and a finite initial valuation vector v0. Then,
supk≥0 ∥vk∥ < ∞, and lim infk→∞ mins∈S xk,s > 0 almost surely. Let Z(t) be the piecewise-
linear interpolation of {(vk,xk)}k≥0 at times {τk}k≥0, and let Φh denote the flow of (5).
Then Z is an asymptotic pseudo-trajectory of this flow: almost surely, for every T > 0,

lim
t→∞

sup
0≤h≤T

⃦⃦⃦
Z(t+ h) − Φh(Z(t))

⃦⃦⃦
= 0.
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Consequently, the set of subsequential limits of {(vk,xk)}k≥0 is almost surely nonempty,
compact, connected, and internally chain transitive for the asynchronous joint ODE (5).8

The first conclusion establishes boundedness of the valuation process and continued sampling
of every class. The approximation statement then gives a precise sense in which the ODE
describes learning: starting sufficiently late, the interpolated process follows the ODE from
its current state arbitrarily closely over any fixed interval of learning time.9 Its long-run
outcomes are therefore constrained by the recurrent behavior of the joint ODE system.

Menu variation affects the evidence pooled within a class in two ways. First, different menus
may contain different representatives of the same class. Their expected payoffs may generally
differ, so the mean payoff from choosing a class can vary across menus, even though each
alternative has a fixed payoff distribution.10 Second, Alice’s valuations determine how often
she selects that class in each menu through competition with the other available classes. The
mixture of menus contributing to its payoff history is therefore selected by her own choices.
Current valuations shape the composition of the evidence she observes, and this evidence in
turn shapes future valuations. This feedback makes learning active and endogenous.

Reduction of the tree to class menus: The mean-field dynamics admit a simpler tree
representation that groups together menus containing the same similarity classes. Let Ω :=
{ω ⊆ S : ω ̸= ∅}, and Ψω := {ψ ∈ Ψ : ρ[ψ] = ω}. The probability of encountering class
menu ω is p(ω) := ∑︁

ψ∈Ψω
f(ψ). For each ω with p(ω) > 0 and each s ∈ ω, define

πs(ω) =

∑︂
ψ∈Ψω

f(ψ)µs(ψ)∑︂
ψ∈Ψω

f(ψ)
, µs(ψ) := 1

|s ∩ ψ|
∑︂

a∈s∩ψ
µa.

This is the expected payoff from choosing class s when the perceived menu is ω. To see
why the averaging weights depend only on menu probabilities, recall that for a fixed v Alice
uses the same class-choice probabilities in every objective menu inducing ω. Conditional on
choosing s, these menus therefore retain their relative occurrence probabilities.
8The proof is provided in the appendix. Internal chain transitivity means that any two points in the invariant
set can be connected by a finite chain of orbit segments lying in the set, with arbitrarily small jumps between
segments and an arbitrarily large lower bound on their durations; see Benäım (1999).

9The corresponding clock is τ0 = 0 and τk =
∑︁k−1
j=0

1
χ+ j + 1 . Thus, τk ∼ log k: a fixed interval of learning

time contains progressively more observations as k grows.
10The same mean-field ODE construction accommodates menu-dependent primitive payoff distributions
Ra,ψ, under the corresponding conditional independence and uniform second-moment assumptions. Writ-
ing µa(ψ) for their means, one replaces µs(ψ) by |s∩ψ|−1∑︁

a∈s∩ψ µa(ψ). We maintain menu-independent
primitive payoffs to isolate the menu dependence generated by coarse aggregation.
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Writing σsω(v) := σ(s | ω; v), the class-selection probabilities and conditional expected pay-
offs become Λs(v) = ∑︁

ω∈Ω: s∈ω p(ω) σsω(v), and

gs(v) =

∑︂
ω∈Ω: s∈ω

p(ω) σsω(v) πs(ω)∑︂
ω∈Ω: s∈ω

p(ω) σsω(v)
.

The reduced decision tree T ′ = (S,Ω, p, π) thus preserves both Λ and g, and hence the
joint mean-field dynamics in (5). Figure 1 illustrates the reduction. We use this class-menu
representation throughout the analysis.

r

ψ1

(3)

Bordeaux (2019)

(0)

Chianti (2014)

3
10

ψ2

(2)

Chianti (2016)

(0)

Chianti (2014)

6
10

ψ3

(2)

Chianti (2016)

(1)

Bordeaux (2013)

1
10

(a) Alice’s original decision tree T

r′

ω1

(2.5)

Bordeaux

(0.5)

Chianti

4
10

ω2

(1)

Chianti

6
10

(b) Alice’s reduced decision tree T ′

Figure 1: Example of tree-reduction for the mean-field CQL dynamics

Elementary benchmarks: The following four special benchmarks eliminate the feedback
from valuations to expected class payoffs. In each case, g(v) is a constant vector π̄, and the
mean-field dynamics (5) trivially converge to these valuations from every initial condition.
The stochastic learning process (2) likewise satisfies vk → π̄ almost surely.11

(i) Pure exploration: When β = 0, Alice chooses uniformly among the available classes,
independently of her valuations. The expected payoff observed from class s is therefore
a constant π̄s =

∑︁
ω∋s p(ω)|ω|−1 πs(ω)∑︁

ω∋s p(ω)|ω|−1 . Menu composition affects this average, but
Alice’s valuations do not affect which menus contribute to it.

(ii) Finest partition: When every similarity class contains a single alternative, Alice main-
tains a separate valuation for each alternative. Every observation entering the valuation
of ρ(a) := a then has conditional mean µa, so gρ(a)(v) = µa. Learning recovers each al-
ternative’s expected payoff asymptotically as in standard Q-learning over alternatives.

(iii) Constant class availability: Suppose every menu contains a representative of every
class, so that p(S) = 1. Then gs(v) = (σsS(v) πs(S))/(σsS(v)) = πs(S). Although

11For the joint asynchronous dynamics, d
dt

[︁
xs(t)(vs(t) − π̄s)

]︁
= −xs(t)(vs(t) − π̄s). Bounded valuations and

positive class availability ensure that sampling frequencies eventually stay away from zero. Hence v(t) → π̄
and x(t) → Λ(π̄). The almost-sure convergence of the stochastic process follows from Proposition 1.
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different alternatives may appear across physical menus, the set of competing classes
is always the same. Alice therefore chooses a given class with the same probability in
every menu, leaving the composition of its observed payoffs independent of valuations.

(iv) Homogeneous class means: The finest-partition benchmark extends to any partition
satisfying µa = π̄s for every a ∈ s. In that case, µs(ψ) = π̄s whenever class s is
available, and hence gs(v) = π̄s. Changes in the composition of sampled alternatives
leave expected class payoffs unchanged as they are constant across menus.

These benchmarks identify special circumstances in which the composition of experience has
no feedback effect on expected class payoffs. With heterogeneous alternatives and varying
sets of competing classes, Alice’s valuations determine her choices which can in turn change
the distribution of expected rewards entering her class estimates. This feedback raises two
questions: which valuations are consistent with the choices they induce, and when does
learning converge to such valuations? We call these self-consistent steady states smooth
valuation equilibria (SVE) and turn next to their structure and stability.

3 Results

We begin by analyzing the structure of SVE, their high-sensitivity limits LSVE, and the
local stability of strict limiting equilibria. We then examine global convergence, the effects
of singleton-payoff shifts on indifference and multiplicity, and persistent cycling. Finally, we
distinguish the welfare costs of coarse representation and learning. Examples throughout
illustrate the feedback between choice and experience driving these outcomes.

3.1 Equilibrium Structure

For equilibrium and local stability analysis, it is convenient to introduce the normalized
mean-field dynamics

v̇s = gs(v) − vs, s ∈ S. (6)

Under these simpler dynamics, each valuation adjusts at unit rate toward the expected
payoff generated by the current choice policy. The endogenous composition of observed
payoffs is captured by the same map g, while adjustment rates are synchronized across
classes. Its steady states correspond one-to-one to the steady states of the asynchronous
joint dynamics (5): a valuation vector v∗ is stationary if and only if v∗ = g(v∗), and the
corresponding visit frequencies are uniquely determined by x∗ = Λ(v∗). The two systems
also agree on the local asymptotic stability of corresponding hyperbolic steady states. At
corresponding steady states, the Jacobian of the asynchronous joint dynamics (5) has the
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eigenvalues of Dg(v∗) − I, together with |S| − 1 additional eigenvalues equal to −1. Hence
hyperbolicity and, for hyperbolic steady states, local asymptotic stability coincide across the
two systems.12 The appendix formally establishes both the stated correspondences.

Thus, at a steady state, Alice’s valuation of each class equals the expected payoff she receives
conditional on choosing it. Her choices determine which observations enter this assessment,
while the assessment itself guides her choices. A smooth valuation equilibrium is a fixed
point that requires these two elements to be mutually consistent.

Definition 1 (Smooth valuation equilibrium). Fix a reduced decision tree T ′ = (S,Ω, p, π)
and sensitivity β ∈ [0,∞). A pair (v, σ) is a smooth valuation equilibrium (SVE) if:

σsω = 1{s ∈ ω} exp(βvs)∑︂
r∈ω

exp(βvr)
, vs =

∑︂
ω∋s

p(ω) σsω πs(ω)∑︂
ω∋s

p(ω) σsω
.

The first equality applies to every supported menu ω, and the second to every s ∈ S.

The first condition specifies logit-optimal choices given valuations. The second, consistency,
requires each class valuation to equal the expected payoff in the sample generated by those
choices. Thus, Alice correctly assesses the average payoff of each class under her own sam-
pling behavior. The equilibrium condition allows the alternatives within a class to have
different expected payoffs: their contributions to its valuation depend endogenously on how
frequently they are encountered and chosen. Equivalently, equilibrium valuations satisfy
v∗ = g(v∗; β), with the associated choice profile uniquely determined by the logit rule. At
every finite sensitivity, each available class is chosen with positive probability. Consequently,
its equilibrium valuation is an average of its expected payoffs across all supported menus in
which it appears, with strictly positive weight on each such menu. Writing

Ω+
s := {ω ∈ supp(p) : s ∈ ω}, K :=

∏︂
s∈S

[︄
min
ω∈Ω+

s

πs(ω),max
ω∈Ω+

s

πs(ω)
]︄
,

every SVE valuation lies in the relative interior of K. We denote the set of equilibrium
valuations by V(β) := {v ∈ K : v = g(v; β)}.

High-sensitivity limits of SVE: To understand equilibrium behavior when choices re-
spond strongly to valuation differences, we study SVE as β → ∞, holding the decision
problem fixed. A vector v∞ is a limiting smooth valuation equilibrium (LSVE) if there exist
12A steady state is hyperbolic (hence, regular) if its Jacobian has no eigenvalue with zero real part. Addi-

tionally, it is locally asymptotically stable if every such eigenvalue has a negative real part.
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βn → ∞ and vn ∈ V(βn) such that vn → v∞. We write V(∞) for the set of all such limits.13

The natural benchmark is the arg max (or greedy) counterpart of SVE, called a valuation
equilibrium (VE), following the analogous solution concept introduced by Jehiel and Samet
(2007) for extensive-form games. A VE consists of a valuation vector and a choice profile
such that Alice chooses only among valuation-maximizing classes in each menu, allowing
menu-specific mixing over ties. Each class chosen with positive aggregate probability is val-
ued consistently at its expected payoff conditional on being chosen. For classes that are never
chosen, payoff consistency imposes no additional restriction, although their valuations remain
subject to the menu-wise optimality conditions (see the appendix for a formal definition).
Let VE denote the set of valuation vectors that can be supported in this way.

Theorem 1 proves the existence of SVE, describes how their structure varies with sensitivity,
and relates their high-sensitivity limits to VE. In particular, while every accumulation point
of the SVE correspondence as β → ∞ is a VE; generically, the converse need not hold.

Theorem 1. Fix a decision tree (S,Ω, p, π). For β ≥ 0, let V(β) := {v ∈ K : v = g(v; β)}
denote the SVE set, and let V(∞) denote the set of accumulation points of {V(β)}β↑∞. Then:

(i) For every β < ∞, V(β) is nonempty and compact, and the correspondence β ↦→ V(β)
is upper hemicontinuous and compact-valued on [0,∞). The SVE graph {(v, β) : v ∈
V(β)} has finitely many path-connected components. For generic parameters (p, π)
and all but finitely many β ∈ [0,∞), V(β) is finite and consists of an odd number of
hyperbolic equilibria, each lying on a locally unique real-analytic branch in β.14

(ii) Every accumulation point of SVE as β → ∞ is a VE: V(∞) ⊆ VE. Equivalently, for
every ε > 0, ∃ ˆ︁β < ∞ such that ∀ β ≥ ˆ︁β, every v ∈ V(β) lies in an ε-neighborhood of
some v∞ ∈ VE. For generic (p, π), V(∞) is a nonempty finite subset of VE.15

Theorem 1 establishes that smooth valuation equilibrium is well-defined and places substan-
tial restrictions on its multiplicity. Equilibria exist at every nonnegative sensitivity and, for
generic decision trees, are hyperbolic and finite in number at all but finitely many sensitivi-
ties. More strikingly, their high-sensitivity limits form a nonempty finite subset of VE.
13This limit concerns sensitivity across learning environments. Within each environment, β remains fixed

along each learning path for all forward time.
14Throughout, genericity is understood with respect to the numerical parameters of a fixed reduced tree

structure: we hold S, Ω, and supp(p) fixed and vary the positive menu probabilities and the class-menu
expected payoffs. The resulting parameter space carries the relative Euclidean topology, with probabilities
constrained to sum to one, and Lebesgue measure on its affine hull. A property holds generically if it holds
on a comeager subset of this space that also has full measure. Valuation vectors and sensitivities carry
their usual Euclidean topologies, and the equilibrium graph carries the corresponding product topology.

15The appendix also shows that the SVE connected component containing the unique equilibrium at β = 0
contains an equilibrium at every finite sensitivity and, generically, has a unique high-sensitivity limit.
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The finiteness of the limiting set is substantive because the underlying set of VE need not be
finite, even for generic primitives. Optimal choice leaves the valuation of a never-chosen class
unrestricted by payoff consistency. An underdetermined VE can also arise when every class is
chosen: ties permit menu-specific mixing, and these mixing probabilities can adjust together
with valuations while preserving both indifference and payoff consistency. Such continua can
persist under small perturbations of the primitive payoffs and probabilities.16

The proof sidesteps this difficulty by studying the entire SVE correspondence as sensitivity
varies. We show that the SVE graph in (v, β)-space is definable in the o-minimal structure
Rexp (real ordered field with the exponential function) since its equilibrium equations involve
only algebraic operations and exponentials. Generic regularity via standard transversality
arguments makes this graph one-dimensional; o-minimality then ensures finitely many path-
connected components and, after compactifying sensitivity, finitely many boundary points
corresponding to β = ∞. This yields a generically finite refinement even when VE form
a continuum, retaining precisely those equilibrium valuations that persist as limits of SVE
under vanishing logit exploration. This refinement also has an axiomatic foundation.17

We next study the stability and convergence of the CQL dynamics.18 We assess local stability
using the eigenvalues of the Jacobian of (5), and establish global convergence through strict
Lyapunov functions or contraction arguments in the sup norm.

3.2 Strict Equilibria: Refinement and Local Stability

Theorem 1 establishes that every LSVE (high-sensitivity limit of SVE) is a VE, but the
converse need not hold. We now characterize which strict VE survive this refinement. The
additional restriction concerns classes that Alice never chooses under the limiting optimal
policy. Although VE leaves their valuations unrestricted, these classes continue to be sam-
pled at every finite sensitivity. Their valuations must therefore remain consistent with the
observations generated by this increasingly rare exploration as β → ∞.

Definition 2 (Strict VE). A VE valuation v∗ is strict if: (i) every supported menu ω has a
unique valuation-maximizing class chosen in equilibrium, denoted by s∗(ω) := arg maxj∈ω v∗

j ;
16For example, consider three equally likely menus {A,B}, {B,C}, and {C,A}, with payoffs (1, 0) to the

classes listed in each menu. For every t ∈ (0, 1), choosing the first-listed class with probability t in each
menu generates conditional mean payoff t for every class. Thus (t, t, t) is a VE valuation vector. The
consistency equations are regular in the three mixing probabilities, so a local continuum of such valuation
vectors persists under small perturbations of the primitives. The unique LSVE here is (1/2, 1/2, 1/2).

17On a rich domain of menus, positivity, continuity, label- and context-independence, IIA, translation in-
variance, and monotonicity characterize the logit family up to nonnegative sensitivity (Breitmoser, 2021).

18Local asymptotic stability requires trajectories starting sufficiently close to remain close and converge to
the equilibrium. Global asymptotic stability additionally requires convergence from every initial condition.
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and (ii) the payoff-consistent valuations induce a strict total order on the set of classes chosen
in at least one supported menu, W(v∗) := {s∗(ω) : ω ∈ supp(p)}.

Thus, distinct classes in W(v∗) have distinct valuations, while no ordering among never-
chosen classes is required. We refer to condition (i) alone as menu-wise strictness. For
generic decision trees, menu-wise strictness already implies condition (ii).19

To understand how the remaining classes are assessed, consider the valuation loss associated
with choosing class s in menu ω: ∆s(ω; v∗) := v∗

s∗(ω) − v∗
s , ω ∈ Ω+

s . Under logit choice, a
larger loss makes selection exponentially less likely as sensitivity increases. Consequently,
conditional on choosing a class that is sub-optimal in every menu, Alice’s observations ex-
ponentially concentrate on the menus in which its valuation disadvantage is the smallest.
For the class’s valuation to survive vanishing logit exploration, it must equal the p-weighted
average payoff across these closest-loss menus denoted by Ω⋆

s(v∗) := arg minω∈Ω+
s

∆s(ω; v∗).
For a class chosen in some menu, the minimum loss is zero, and its closest-loss menus are pre-
cisely those in which it is optimal. The next result shows that closest-loss consistency exactly
characterizes which strict VE are LSVE, and that each such LSVE is approached by a locally
unique, locally stable family of SVE defined at every sufficiently large sensitivity.

Theorem 2 (Characterization and local stability). Let v∗ be a strict VE valuation. Then:

(i) The valuation vector v∗ is an LSVE if and only if it satisfies closest-loss consistency:

v∗
s =

∑︂
ω∈Ω⋆

s(v∗)
p(ω)πs(ω)

∑︂
ω∈Ω⋆

s(v∗)
p(ω)

, s ∈ S. (7)

(ii) Whenever (7) holds, there exist a neighborhood U of v∗ and ˆ︁β < ∞ such that, ∀ β ≥ ˆ︁β,
U contains a unique SVE, denoted by vβ, and vβ → v∗ as β → ∞. This SVE is locally
exponentially stable in the normalized dynamics (6) and the corresponding equilibrium(︂
vβ,Λ(vβ; β)

)︂
is locally exponentially stable under the asynchronous dynamics (5).

Thus, closest-loss consistency identifies which strict patterns of choice can be supported in
equilibrium by valuations learned from the observations that those choices generate. This
sampling structure also explains local stability of nearby SVE for sufficiently large sensitivity.
Near a strict equilibrium, small valuation perturbations preserve the optimal class in each
19For any fixed pure choice profile, VE consistency determines each chosen class’s valuation as a conditional

payoff average. Equality between two such valuations is a nongeneric restriction on the payoffs. Since there
are finitely many pure choice profiles, the conclusion holds simultaneously across all menu-wise strict VE.
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menu and thus the set of closest-loss menus for each class. Hence, at high sensitivity, they
have little effect on the composition of an optimal class’s observations, with nearly fixed
relative weights. Even for a rarely chosen class, whose overall sampling frequency can respond
sharply to valuation shocks, its conditional expected payoff remains almost unchanged as
the relative weights of its closest-loss menus remain nearly invariant. This allows the mean-
reverting update rule (6) to correct valuation errors by pulling assessments back toward these
nearly fixed payoff targets. This yields local attraction under the normalized dynamics and,
by the local-stability correspondence, under the harmonic visit-count dynamics (5).

Therefore, if a decision tree admits a strict VE that satisfies closest-loss consistency (7),
the set of asymptotically stable SVE for sufficiently high sensitivity in the CQL dynamics is
nonempty. In the appendix, we show that every locally asymptotically stable SVE of the joint
asynchronous dynamics (5) has strictly positive probability of being the long-run outcome of
the stochastic CQL process (2), from any finite initial valuations and positive prior counts.
Thus, asymptotic stability serves as a dynamic equilibrium selection criterion.

As a special case that shall be useful later, suppose v∗ is a menu-wise strict VE at which every
class wins in at least one supported menu. Each class’s closest-loss menus are precisely those
it wins, so ordinary VE consistency implies closest-loss consistency. The appendix shows
that even if classes that win in different menus have equal valuations, v∗ is the limit of a
locally unique branch of locally exponentially stable SVE defined for all sufficiently large β,
as in Theorem 2(ii). This applies in particular when every singleton menu is supported.

3.3 Convergence with Constant Competitive-Menu Payoffs

We now establish the global convergence of the asynchronous CQL dynamics (5) to SVE in all
decision trees with at most two similarity classes. This insight follows from the more general
result stated below, which allows arbitrarily many classes provided each class’s expected
payoff is constant across the set of competitive menus in which it appears. Formally, suppose
that, for each class s, there exists a constant bs ∈ R such that

πs(ω) = bs for every ω ∈ Ω+
s with |ω| ≥ 2. (8)

Thus, a class s yields the same expected payoff whenever it competes with another class.
Its expected payoff in the singleton menu {s}, when supported, is unrestricted - allowing
its valuation to eventually lie between πs{s} and bs.20 While condition (8) holds trivially
with two classes, it also holds for any number of classes whenever every competitive menu
20We call a menu competitive if it contains at least two similarity classes. A singleton menu may nevertheless

contain several alternatives: it is the available class, rather than the available alternative, that is unique.
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features at least one alternative from each class, so that S is the only non-singleton menu
in the reduced tree. This condition preserves endogenous sampling bias. As a class be-
comes more attractive, Alice chooses it more frequently in competitive menus, increasing the
weight of those observations relative to its singleton observations. We show this restriction
ensures global convergence of learning while allowing for both multiplicity of equilibria and
indifference with endogenous mixing in the high-sensitivity limit.

Theorem 3. Suppose (8) holds. For any sensitivity β ∈ [0,∞), every solution of the joint
asynchronous dynamics (5), starting from v(0) ∈ RS and x(0) ∈ ri ∆(S), approaches the
equilibrium set E(β) := {(v,Λ(v; β)) : v ∈ V(β)}. Generically, since V(β) is finite for a.e.
β, each trajectory converges to an individual hyperbolic equilibrium.21

Also, for fixed sensitivity and menu probabilities, convergence generically survives all suffi-
ciently small perturbations of the constant-competitive-payoff benchmark (8). This restric-
tion makes competitive-menu observations of a class interchangeable in expectation. Alice’s
choices therefore affect its assessed payoff gs(v) only through the balance between its sin-
gleton and competitive observations. Since singleton observations arrive at a fixed rate, the
class’s total sampling frequency determines their weight in its assessment. This dependence
on aggregate sampling frequencies aligns choice adjustments across menus with a common
potential whose payoff component has conditional mean payoffs as marginal returns and
whose entropy component captures logit randomization. At a given logit policy, a marginal
shift toward a class with a larger expected prediction error raises the potential. The proof
combines this alignment between choice and payoff feedback with a nontrivial smoothing
argument based on harmonic averaging to establish convergence toward the SVE set.

The potential need not be concave in general, allowing for multiple stable SVE and therefore
path dependence. However, if each class’s singleton payoff weakly exceeds its competitive
payoff on average, competitive observations dilute favorable singleton feedback, creating
diminishing returns to sampling. The potential is then strictly concave in choice probabilities,
yielding a unique, globally attracting SVE, as illustrated below.

The following two-class illustrations based on Fig. 2 demonstrate how convergence can coexist
with path dependence or produce indifference in the high-sensitivity limit. Consider two
classes, Bordeaux (B) and Chianti (C). The menus {B,C}, {B}, and {C} occur with equal
probability. The wines offered in the competitive menu yield expected payoffs 2 and 1,
respectively, while those offered in either singleton menu yield a common z ∈ R. Changing
z reverses the feedback between choices and the evidence used to evaluate each class.22

21With two classes, the SVE set is finite at every sensitivity, yielding convergence to an isolated equilibrium.
22At an SVE with competitive-menu choice probability q, the normalized Jacobian has eigenvalues −1 and
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Writing q = (1 + e−β(vB−vC))−1 for the probability of choosing Bordeaux in the binary menu,
the conditional payoff means are gB(q) = 2q + z

1 + q
, and gC(q) = 1 − q + z

2 − q
.

r

ω1

2

B1

1

C1

1/3
ω2

z

B2

1/3
ω3

z

C3

1/3

Figure 2: Example of a Decision Tree with Two Similarity Classes

Path dependence: Let z = 0. Choosing a class more frequently in the competitive menu
increases the share of favorable observations in its payoff history, reinforcing its valuation
advantage. For sufficiently large β, there are two locally attracting SVEs approaching the
strict VEs (vB, vC) = (1, 0) with Bordeaux chosen in the binary menu and (0, 1

2) with Chianti
chosen in the binary menu; both sets of eigenvalues converge to −1. A third mixed SVE is a
saddle, with one positive eigenvalue. Thus initial assessments can lead to different long-run
rankings, even though Bordeaux yields the higher payoff whenever Alice chooses between
the two classes. Figure 3(a) illustrates these distinct basins of attraction.

Limiting indifference: Now let z = 11/3. More frequent selection in the competitive menu
exposes a class disproportionately to unfavorable payoffs below its singleton benchmark,
correcting and shrinking its valuation advantage. The SVE is unique for every β ≥ 0,
and all eigenvalues are negative. Theorem 3 therefore gives global convergence under both
dynamics, as illustrated in Figure 3(b). As β → ∞, (vB, vC) → (3, 3), and q → 2/3.
Alice consequently becomes indifferent between Bordeaux and Chianti despite their unequal
competitive-menu payoffs. This limiting indifference is sustained by endogenous mixing with
Bordeaux chosen twice as often as Chianti when both are available.

3.4 Self-Correcting Feedback and Global Convergence

We now identify a condition under which endogenous sampling leads to a unique long-run out-
come, even with heterogeneous competitive-menu payoffs. This mechanism concerns which
observations used in the assessment of a class get displaced when a competing class becomes
more attractive. If these observations have relatively low payoffs on average, the residual ob-
servations improve the assessment of the class losing choice share. This response counteracts
the initial change in relative attractiveness and stabilizes valuations and choices.

−1 + βq(1 − q)
[︃

2 − z

(1 + q)2 + 1 − z

(2 − q)2

]︃
. The joint asynchronous Jacobian has one additional eigenvalue −1.
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(a) Low singleton payoffs: z = 0
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(b) High singleton payoffs: z = 11/3

Trajectories Attracting SVE Saddle

Figure 3: Valuation projections of the asynchronous joint dynamics at β = 20, initialized with
xB = xC = 1/2. (a) Low singleton payoffs, z = 0: two attracting SVE and a saddle. (b) High

singleton payoffs, z = 11/3: a unique globally attracting SVE.

To express this condition, fix a sensitivity β ≥ 0 and let wv
s (ω) := p(ω)σsω(v)/Λs(v), ω ∈ Ω+

s ,

denote the distribution of menus conditional on choosing class s. These are the weights with
which observations from different menus enter its assessed expected payoff gs(v). For another
class r ̸= s, the probability σrω(v) measures the exposure of an s-observation from menu ω

to crowding by r, with σrω(v) = 0 when r /∈ ω. An increase in vr relative to s proportionally
reduces the probability of choosing s most acutely in menus where r already has a high choice
probability. Simply differentiating the conditional expected payoff map w.r.t. vr gives

∂gs(v)
∂vr

= −β
∑︂
ω∈Ω+

s

wv
s (ω)

[︂
πs(ω) − gs(v)

]︂
σrω(v) = −β Covwv

s
(πs(ω), σrω(v)) , r ̸= s. (9)

Nonpositive payoff-crowding covariance implies a rise in vr marginally displaces observations
of class s that are no better, on average, than those currently used to assess it. Their removal
weakly raises gs(v), providing a corrective response to the initial drop in the valuation of s
relative to r. If this condition holds for each pair of classes over all v ∈ riK, we obtain the
following result on global convergence to a unique SVE with arbitrarily many classes.

Theorem 4 (Global convergence under non-positive payoff-crowding covariance). Fix a tree
T ′ and β ∈ [0,∞). Suppose that, for every v ∈ K and every pair of distinct classes s, r ∈ S,

Covwv
s

(πs(ω), σrω(v)) ≤ 0. (10)

19



Then there is a unique SVE vβ, and the corresponding equilibrium
(︂
vβ,Λ(vβ)

)︂
is globally

asymptotically stable under the joint asynchronous dynamics (5), for arbitrary finite initial
valuations and positive initial sampling frequencies.

The covariance condition makes selection self-correcting: raising a rival’s valuation weakly
improves a class’s assessed payoff, while raising its own valuation weakly lowers it.23 Since
a common shift in valuations leaves choice probabilities unchanged, g(v + c1) = g(v) and
hence Dg(v)1 = 0. The normalized drift Fs(v) := gs(v) − vs therefore satisfies

∂Fs
∂vs

= −1 −
∑︂
r ̸=s

⃓⃓⃓⃓
⃓∂gs∂vr

⃓⃓⃓⃓
⃓ = −1 + β

∑︂
r ̸=s

Covwv
s

(︂
πs(ω), σrω(v)

)︂
≤ −1, v ∈ K.

The restoring own-valuation effect thus strictly dominates the combined cross effects, making
the largest absolute valuation error shrink uniformly on K.24 This gives contraction for the
normalized dynamics. The same error bound yields convergence for the asynchronous joint
dynamics because their adjustment factors Λs(v)/xs remain positive and bounded away
from zero along each trajectory. Valuation convergence then implies x → Λ(v∗) through
ẋs = Λs(v)−xs. The argument also covers initial valuations outside the attracting, positively
invariant box K. Proposition 1 therefore gives (vk,xk) →

(︂
vβ,Λ(vβ)

)︂
almost surely under

stochastic CQL (2). We next give a simple condition on mean payoffs that ensures (10).

3.5 Singleton Payoffs: Indifference and Multiplicity

Singleton menus, though not necessary for the preceding result, provide a natural source
of this corrective feedback. We now examine how their payoffs shape this feedback and,
separately, whether limiting choices are strict or involve indifference. Singleton menus sup-
ply observations whose frequency is unaffected by competition. Whenever {s} occurs, Alice
samples class s regardless of her valuations. Yet the weight of these observations in her assess-
ment of s depends on how frequently she samples it elsewhere. Observations obtained without
competition between classes can thus shape subsequent choices in competitive menus.

This role motivates interpreting singleton menus as anchor menus: situations in which one
class is effectively the only viable option. Indeed, richer menus containing a focal class
alongside strictly obviously dominated classes provide a similar source of observations at
high sensitivity, when the focal class is selected with probability close to one.25 For the
23This mechanism resembles the self-defeating externalities of stable games (Hofbauer and Sandholm, 2009).

Their condition imposes monotonicity on the population payoff map; ours restricts how valuations change
the composition of payoff observations. Neither condition implies the other.

24This argument immediately yields local stability and uniqueness of SVE (by Poincaré-Hopf index theorem).
25A sufficient separation condition is that the highest expected payoff of each accompanying class, across all
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remainder of this subsection, we maintain the following assumption.

Assumption 3.1. There are at least two similarity classes, every singleton menu has positive
probability, and the co-occurrence graph is connected. This graph has vertex set S and an
edge between distinct classes s and r whenever they appear together in a supported menu.

Starting from a fixed decision tree T ′, introduce a common singleton-payoff shift z ∈ R:

πzs(ω) := πs(ω) + z 1{ω = {s}}. (11)

Positive shifts make singleton experiences more favorable, while negative shifts make them
less favorable. Menu probabilities and competitive-menu expected payoffs remain fixed, as do
differences between singleton expected payoffs across classes. We examine how this change
in the evidence available to Alice affects learning and its long-run outcomes.

3.5.1 High Singleton Payoffs and Limiting Indifference

Sufficiently favorable singleton experiences have two consequences. They generate the cor-
rective feedback identified in the preceding subsection, ensuring convergence to a unique
SVE. A sufficiently large common shift also makes choices that are strict in every menu
inconsistent with the assessments they generate, forcing indifference as β → ∞.

Theorem 5. Under Assumption 3.1, there is a finite threshold z̄ ≥ 0, depending on the
underlying decision tree, such that, for every fixed z > z̄:

(i) For every β < ∞, there is a unique SVE vβ(z). The corresponding equilibrium(︂
vβ(z),Λ(vβ(z))

)︂
is globally asymptotically stable under the joint dynamics (5).

(ii) As β → ∞, the valuations vβ(z) and their associated logit choice profiles converge to a
VE

(︂
σ∞(z),v∞(z)

)︂
. This limit exhibits indifference in at least one competitive menu:

|argmaxs∈ω v∞
s (z)| ≥ 2 for some ω ∈ supp(p) with |ω| ≥ 2. Moreover, σ∞(z) assigns

positive probability to at least two classes in some supported menu.

The convergence conclusion follows from non-positive payoff-crowding covariance. Each class
is selected whenever its singleton menu occurs, so singleton observations retain a share of
its conditional payoff distribution bounded away from zero, uniformly over valuations and
sensitivity. For sufficiently large z, these favorable observations raise its assessed payoff
above every payoff it receives in competitive menus. A competing class therefore displaces

its supported menus, lies strictly below the focal class’s lowest expected payoff across its supported menus.
Equilibrium valuations inherit this gap, so the probability of selecting an accompanying class vanishes
exponentially with sensitivity. The formal results retain singleton class menus.
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relatively poor observations, improving the assessment of the class it crowds out. Theorem 4
then gives uniqueness and convergence. The appendix provides the bounds establishing a
threshold z̄ that works for every finite sensitivity.

Limiting indifference requires a further high-sensitivity limit argument. Suppose every sup-
ported menu had a unique valuation maximizer. A lowest-valued class would then be selected
only in its singleton menu, so its valuation would incorporate the entire shift z. A class beat-
ing it in a competitive menu would also receive observations from that menu, incorporating
only a fraction of the singleton shift into its valuation. For sufficiently large z, the sup-
posedly lower-valued class would consequently have the higher assessment. This contradicts
the proposed strict choices, ruling out valuation equilibria with a unique maximizer in every
menu. Thus, the sufficiently large common shift overturns every pattern of menu-wise strict
choices. Heterogeneous primitive expected payoffs can therefore generate persistent indiffer-
ence through the endogenous composition of experience (see Fig. 3(b) for example). Part
(ii) shows that the unique SVE branch selects a unique limiting VE with nontrivial mixing
in at least one competitive menu, even though infinitely many VE may coexist. A stronger
full-support restriction on menu probabilities yields indifference across all classes.

Assumption 3.2. All singleton menus are equally likely, and ω ⊆ ω′ =⇒ p(ω) ≤ p(ω′).

For instance, uniform probabilities over all nonempty menus satisfy this condition. Under
Assumption 3.2, sufficiently high singleton payoffs force indifference across all classes.

Proposition 2 (Total indifference). Under Assumption 3.2, there is a finite threshold z̄1

such that, for every z > z̄1, every VE satisfies vs = vr for all s, r ∈ S.

Any strict valuation gap would give the higher-valued class a larger sampling frequency and
a smaller singleton share. A sufficiently large positive shift would then raise the lower-valued
class’s assessment more strongly, contradicting the gap. The LSVE selected by the unique
branch of globally stable SVE is unique, fully-mixed and exhibits total indifference. Retaining
inclusion monotonicity, this result persists with nearly equal singleton probabilities.

However, high singleton payoffs are not necessary for (10). The appendix provides additional
primitive sufficient conditions, including examples without singleton menus and one with in-
termediate singleton payoffs that also sustains robust limiting indifference and mixing.

3.5.2 Low Singleton Payoffs and Multiplicity of Strict VE

When singleton experiences are sufficiently unfavorable, the composition of observations
can reinforce the valuation differences that guide choice. A class selected infrequently in
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competitive menus is assessed largely through its poor singleton experiences, sustaining its
low valuation. More frequent competitive choices dilute these unfavorable observations.
Different patterns of selection can consequently support different self-confirming rankings.
Under Assumption 3.1, every class is selected in its singleton menu. Theorem 2 implies that
every strict VE is an LSVE, approached by a branch of locally stable SVE as β → ∞.

Theorem 6. Fix a reduced decision tree T ′ satisfying Assumption 3.1. There is a finite
threshold z such that, for every z < z, the following statements hold:

(i) If the decision tree is generic, there exists at least one strict VE.

(ii) If every binary menu is supported, there exist at least |S| distinct strict VE, one with
each class uniquely lowest-ranked. This conclusion does not require genericity.

For each fixed such z, there is a finite sensitivity threshold ˆ︁β(z) such that, for every β ≥ ˆ︁β(z),
a unique SVE lies in a sufficiently small neighborhood of each strict VE. These SVE converge
to their respective VE as β → ∞ and are locally exponentially stable under (5).

The mechanism is transparent when choices are held fixed. For a pure (deterministic) choice
rule φ selecting one class in each menu, let Dφ

s := ∑︁
ω:φ(ω)=s p(ω) be the aggregate probability

of selecting class s across all menus featuring it. Its consistent valuation is

vφs (z) = aφs + λφs z, λφs := p({s})
Dφ
s

, (12)

where aφs is its conditional expected payoff before the shift. The coefficient λφs is the share of
singleton observations in its payoff history. As z becomes increasingly negative, differences
in these shares dominate the fixed differences in baseline payoffs. Classes whose observations
are concentrated in singleton menus receive the largest effective penalty.

The existence argument constructs a priority order whose choices generate the valuation
comparisons needed to sustain it. With every binary menu supported, this construction can
place any designated class s last. Every other class r then receives competitive observations
from {s, r}, so its singleton share is strictly below one, whereas s bears the entire singleton
penalty. The construction also orders the remaining classes strictly: assigning a binary menu
to an earlier-priority class removes a positive source of competitive observations from the
later-priority class, increasing the latter’s eventual singleton share. For sufficiently negative
shifts, the resulting valuations reproduce the entire priority order. The appendix provides
the construction and the associated thresholds. Genericity in part (i) provides a strict total
order on valuations. Theorem 2 then supplies the nearby locally exponentially stable SVE
for sufficiently large sensitivity.
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Under the stronger Assumption 3.2, sufficiently low singleton payoffs make every strict rank-
ing self-confirming. For any proposed strict ranking, the menu probabilities ensure that
higher-ranked classes receive more competitive observations and place lesser weight on the
singleton penalty, so lower-ranked assessments are depressed more strongly. The appendix
proves, for each sufficiently negative z, all sufficiently large sensitivities admit at least |S|!
locally exponentially stable SVE, one associated with each strict ranking (see Fig. 3(a)).
Initial valuations then affect which valuation ranking is sustained in the long-run, as the
choices they induce shape the evidence subsequently used to evaluate each class.

3.6 Instability and Persistent Cycling

The preceding results establish stability and convergence in several important classes of
decision problems. However, they leave open the possibility that learning can fail to converge
in a decision tree with three or more similarity classes. We now answer this question in the
affirmative by showing that stationary decision problems can indeed generate persistent
oscillations in the learning dynamics. In fact, with just three similarity classes, we show
there are open sets of decision problems for which sufficiently sensitive choice admits no
asymptotically stable SVE and learning persistently oscillates.
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B1

1/3

ω2

−1
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3/2
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1/3
ω3

−3/4
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Figure 4: A stationary decision tree generating persistent cycling. Colors identify similarity
classes; terminal labels give the expected payoffs of individual alternatives with ε > 0.

Consider the decision tree in Figure 4. Five alternatives form three similarity classes: A =
{A1}, B = {B1, B2}, and C = {C2, C3}. The induced class menus are {A,B}, {B,C},
and {C}, each occurring with equal probability 1/3. The feedback operates through the
observations entering class B which links the two competitive menus.

B pays well when competing with A and poorly when competing with C. Suppose Alice be-
gins by choosing A more often. She then observes fewer of B’s favorable payoffs from {A,B},
so her assessment of B deteriorates. This reinforces A’s position and also encourages her to
choose C over B. Choosing C has the opposite effect on B’s selected sample, however, as it
removes unfavorable observations from {B,C}. As C gains ground, its favorable competitive
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payoffs also raise its own valuation, further displacing B from the menu {B,C} where B
performs poorly. The observations that remain for the rarely chosen B are consequently
more favorable, allowing its valuation to recover. That recovery sets up the next reversal.
As Alice returns to B, its unfavorable payoffs in {B,C} re-enter her sample. At the same
time, choosing C less often in that menu leaves its valuation increasingly shaped by its poor
singleton payoff, reinforcing Alice’s return to B. The renewed exposure to B’s unfavorable
payoffs pulls its valuation down again, allowing A to regain ground. The cycle is sustained
by these changes in the composition of experience: every alternative’s mean payoff is fixed,
but Alice’s choices continually change the evidence used to evaluate its class.26

At ε = 0, the construction is particularly transparent: the unique SVE is v∗ = (0, 0, 0) at
every finite sensitivity, and it is linearly unstable whenever β > 8. A small positive value of
ε yields the following robust conclusion (see Figure 5 for an illustration).

Theorem 7 (Persistent cycling). Fix the menu support Ω+ = {{A,B}, {B,C}, {C}}. There
exist ε > 0, an open neighborhood U of the decision tree in Figure 4, and a finite β̄ such
that, for every tree in U and every finite β ≥ β̄:

(i) There is a unique SVE, which is linearly unstable under both the normalized (6) and
joint asynchronous dynamics (5).

(ii) Every trajectory of both the normalized and the joint asynchronous dynamics outside
the equilibrium’s stable manifold has a non-trivial periodic orbit as its omega-limit set.

(iii) From any finite initial valuations and positive prior counts, the limit set of (vk,xk)
under the stochastic CQL process (2) is almost surely a non-constant periodic orbit of
the asynchronous dynamics (5). Neither valuations nor choice probabilities converge.

Here openness is relative to the space of positive menu probabilities and expected payoffs
of alternatives on the specified support. The proof uses a fixed ε > 0, allowing all three
menu probabilities and all five payoffs to vary in a sufficiently small neighborhood. Thus
the absence of a stable equilibrium and the persistence of oscillation survive perturbations of
the decision problem. Harmonic averaging makes the argument tractable. In the sufficient-
statistic coordinates (x,y), where ys = xsvs, three affine discrepancies decay exponentially,
leaving an invariant attracting plane. The unique equilibrium is a source on this plane.
Boundedness and the Poincaré–Bendixson theorem then imply that every nonstationary
26The interaction between B and C creates a negative feedback loop: a higher valuation of C improves

the composition of B’s observations, whereas a higher valuation of B worsens the composition of C’s
observations. This interacts with the self-reinforcing feedback in {A,B}, where choosing A more often
removes favorable observations of B. These opposing feedbacks sustain oscillation at high sensitivity.
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planar trajectory has a periodic omega-limit set.27 The appendix extends the conclusion to
the full joint dynamics and combines the planar limit-set results of Benäım (1999) with a
verification that the stochastic process almost surely avoids the unstable equilibrium.
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Figure 5: Phase portraits of the joint CQL dynamics for tree in Fig. 4 with ε = 0.01 and β = 20

The construction is minimal as cycling requires at least 3 classes (by Theorem 3) and 5
alternatives.28 Its three-menu support is also irreducible. The self-correcting feedback con-
dition (10) fails here as competition removes favorable observations: a higher valuation of A
crowds B out of its favorable menu, lowering gB; a higher valuation of B similarly crowds C
out of its favorable menu, lowering gC . Building on this observation, our next result char-
acterizes the absence of asymptotically stable SVE in decision problems with three classes
under the joint dynamics (5). At an SVE v∗, define the trace and the determinant of the
linearized normalized dynamics (6) in the two independent valuation differences by

T (v∗) := −2 + β
∑︂
s̸=r

Covwv∗
s

(︂
πs(ω), σrω(v∗)

)︂
, d(v∗) := det

(︂
I −Dg(v∗)

)︂
.

Lemma 3.1 (Absence of stable SVE with three classes). Fix β ∈ [0,∞) and a decision tree
with three classes and suppose all SVE are hyperbolic.29 At least one SVE has d(v∗) > 0.
No asymptotically stable SVE exists if and only if T (v∗) > 0 at every SVE with d(v∗) > 0.

The two eigenvalues governing relative valuations have sum T and product d, with −2
27The full joint state space is five-dimensional. Its equilibrium has a three-dimensional stable manifold,

whose intersection with the invariant plane consists only of the equilibrium.
28Instability does not require this particular menu arrangement. The appendix gives further examples with

three binary menus whose payoff advantages form a cycle, supplemented either by a ternary menu, without
singletons, or by all three singleton menus at intermediate payoff levels.

29By Theorem 1, this assumption holds for generic (p, π) at all but finitely many sensitivities.
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capturing the unit restoring force in each independent valuation difference. Under the payoff-
crowding covariance condition (10), every covariance term is nonpositive, so T ≤ −2. The
same quantities also characterize instability with three classes: at equilibria with d > 0,
positive covariances must outweigh negative ones sufficiently to overcome these restoring
forces, giving T > 0. SVE with d < 0 are already unstable. Thus, no stable SVE exist
precisely when this aggregate reinforcing feedback dominates at every SVE with d > 0.

3.7 Coarse representation and the welfare cost of learning

The preceding result shows that with three or more classes, Alice’s valuations need not
converge. Even when her valuations converge, her choices need not attain the best expected
payoff her coarse representation permits. To separate the costs of coarse representation
and coarse learning, consider a fully informed oracle who knows the menu distribution and
expected payoffs. He uses Alice’s similarity partition, within-class implementation, and logit
choice rule, with one common valuation per class across menus.30 We allow high-sensitivity
limits of logit policies, making deterministic choices admissible.31 Unlike Alice, however, he
chooses these valuations freely, without requiring consistency with experienced payoffs.

The proposition below characterizes the oracle’s optimal choice policy and gives necessary
and sufficient conditions for its efficiency. For a fixed strict ranking ≻, write max≻ ω for the
highest-ranked class in menu ω. When each supported menu has a unique payoff-maximizing
class, define the efficient-comparison graph Geff by drawing an arrow s → r whenever s is
the (objective) payoff-maximizer in a supported menu containing r ̸= s.

Proposition 3 (The informed coarse benchmark). An optimal oracle policy is represented
by a strict class ranking, and its expected payoff is

W coarse = max
≻

∑︂
ω∈Ω

p(ω) πmax≻ ω(ω).

Generically, every optimal class-choice policy is pure. If each supported menu has a unique
payoff-maximizing class, then W coarse = ∑︁

ω∈Ω p(ω) maxs∈ω πs(ω) ⇐⇒ Geff is acyclic.

Logit randomization cannot improve this benchmark. Its random-utility representation
amounts to drawing a strict ranking of classes independently of the menu and choosing
the highest-ranked available class. Expected welfare is therefore a weighted average of the
welfare generated by strict rankings, and cannot exceed the best of them. Conversely, any
strict ranking can be implemented in the limit by increasing the gaps between appropriately
30At any β > 0, logit depends only on βv, so unrestricted valuations allow us to normalize β = 1.
31Over finite valuation vectors, the benchmark above is generally only a supremum.
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ordered valuations. The graph records the comparisons required for efficiency: an acyclic
graph can be completed into a common ranking that selects the best class in every menu,
whereas a directed cycle makes these requirements inconsistent.32

The welfare gap between unconstrained informed choice and this benchmark measures the
cost of coarse representation; any further shortfall under coarse learning reflects the welfare
cost of learning. We examine high-sensitivity limits of long-run outcomes to isolate losses that
persist as logit noise vanishes. Singleton payoffs illustrate the distinction: they contribute
the same payoff to every ranking, yet can change the outcome selected by learning. In the
two-class illustrations in Figure 3, the oracle is efficient and always chooses Bordeaux when
both classes are available. The limiting Chianti-favoring strict outcome with low singleton
payoffs loses 1/3 per period relative to this benchmark, while the limiting mixed outcome
with high singleton payoffs loses 1/9. Thus even globally convergent learning can sustain a
welfare loss while the optimal policy is representable by the same class scores.

Our harmonic benchmark gives equal weight to observations from the same class, regardless
of the menus in which they arise. Alice observes those menus, so in principle she could instead
weight their feedback differently while retaining one valuation per class. Such reweighting
might correct the choice distortions in the stylized two-class illustrations above. What follows
shows why it cannot provide a general remedy for closing the welfare gap.

Indeed, a persistent welfare loss can arise even when learning converges globally to a unique
SVE whose high-sensitivity limit is strict. Consider two equally likely binary menus, {A,C}
and {B,C}, with deterministic payoffs (0.6, 1) and (0.4, 0), respectively. The oracle ranking
B ≻ C ≻ A selects the best class in each menu and yields W coarse = 0.7. Thus, coarse
representation permits efficient choice. Coarse Q-learning, however, cannot sustain these
comparisons. Every observation of A yields 0.6, while every observation of B yields 0.4,
so their learned ordering contradicts the efficient ranking. For every finite sensitivity, this
example has a unique, globally stable SVE, to which harmonic visit-count learning converges
almost surely. As sensitivity increases, its valuations approach (0.6, 0.4, 0), a strict VE that
selects A and B in their respective menus and yields welfare 0.5. The limiting loss is thus 0.2
per period, despite convergence to a strict outcome and the absence of singleton menus.

The obstruction extends beyond CQL. Call a learning rule constant-payoff calibrated if a class
whose observations always yield c is assessed at c asymptotically, almost surely. Constant-
payoff calibration is a minimal consistency requirement for any reasonable payoff-assessment
32Efficiency here holds the within-class implementation fixed. Unrestricted informed choice among objective

alternatives may yield a higher payoff.
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learning rule. Suppose Alice uses common class valuations and the same monotone choice
rule across menus.33 Calibration eventually ranks A above B, making C weakly less likely to
be chosen against A than against B, although efficiency requires the opposite. Changing C’s
assessment cannot resolve this conflict. The following result formalizes this observation.

Proposition 4 (A limit to payoff-assessment learning). Under the given choice restrictions,
no learning rule satisfying constant-payoff calibration can guarantee long-run average welfare
at least W coarse in every decision tree. In the preceding example, every such rule yields

lim sup
K→∞

1
K

K−1∑︂
k=0

rk ≤ 1
2 <

7
10 = W coarse almost surely.

The appendix establishes a positive welfare gap on an open set of payoff and menu-probability
specifications with this support. The bound requires only calibration of A and B; neither C’s
valuation nor the choice rule need converge. Constant-payoff calibrated learning covers arbi-
trary nonnegative weighted averages of own-payoff observations and initial scores whenever
the averages are eventually well-defined and initial-score shares vanish. The weights may
depend arbitrarily on past menus and rewards, even with full knowledge of the primitives. Ef-
ficient common scores encode priorities across menus; learning them as estimates of a class’s
expected payoff need not recover those priorities. The impossibility identifies this limitation,
even when the efficient policy is representable by a common ranking of categories.

4 Algorithmic Prominence & Consumer Learning

Online marketplaces influence which products consumers consider through search, recom-
mendations, and algorithmic prominence (Lee and Musolff, 2025), with evidence that Ama-
zon gives preferential search rankings to its own brands (Farronato et al., 2023). Moreover,
by emphasizing a common in-house brand label and presenting its underlying products ho-
mogeneously with a uniform price, a hybrid platform may encourage consumers to attend to
brand identity rather than less salient product-specific attributes. Consumers who organize
learning around these shared cues pool experiences across the brand, as in our limited-
salience interpretation of similarity classes. When consumers learn through such categories,
prominence also shapes the experiences that inform subsequent choices. In this section, we
demonstrate as a natural application of our coarse Q-learning framework, how a digital plat-
form can use favorable purchases of its own brand to sustain demand for inferior products
sold under the same umbrella label, including when competitors remain available.
33For binary menus, Prk(s | {s, r}; v) = Qk(vs, vr), with Qk nondecreasing in its first argument and nonin-

creasing in its second, and Qk(x, y) +Qk(y, x) = 1. Scores are determined before the menu is drawn.
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Consider a consumer who uses three similarity classes: the platform’s in-house brand H, a
competitor C, and an outside option O (shopping elsewhere). In each period, a product state
i ∈ {1, . . . , J} is drawn independently and uniformly. The platform’s product has expected
payoff µi and margin mi ≥ 0, while the competitor and the outside option have constant
expected payoffs µC > µO. Prices are fixed, and we normalize the platform’s profit to zero
when its own product is not purchased. The consumer maintains one valuation per class
and follows our harmonic visit-count coarse Q-learning rule (2). Throughout, suppose

µ̄ := 1
J

J∑︂
i=1

µi < µO < µC , max
i
µi > µO. (13)

The in-house brand’s expected payoff is below the outside option on average, although
some of its products are better. The platform commits to a stationary prominence rule
τ = (τi)Ji=1 ∈ [0, 1]J . After observing state i, it promotes its product with probability τi, us-
ing an independent draw each period. Prominence removes the competitor from consumers’
consideration set, reducing the class menu from {H,C,O} to {H,O}. We initially assume
that prominence is costless. For each fixed prominence rule and finite sensitivity, the ap-
pendix establishes (by extending Theorem 3) that the induced stationary decision problem
has a unique SVE. The corresponding joint equilibrium is globally asymptotically stable
under (5), and harmonic visit-count learning (2) converges to it almost surely. We evaluate
platform profit and consumer welfare by taking the high-sensitivity limit of these long-run
outcomes. Let di(τ) denote the resulting probability of an in-house product sale in state i,
whether or not the product is promoted. The platform seeks to maximize expected profit per
period, Π∞(τ) := J−1∑︁J

i=1 midi(τ), breaking ties in favor of less frequent prominence.

4.1 Optimal Deterministic Prominence

To begin, restrict the platform’s strategies to deterministic prominence τ = (τi)Ji=1 ∈ {0, 1}J .
We start with two states, h and ℓ, satisfying µh > µC > µO > µℓ and mh,mℓ > 0. Under
complete information (the consumer observes the state and knows the expected payoffs),
prominence cannot increase sales: the high-quality product is preferred to the competitor,
while the low-quality product is worse than the outside option.34 Our tie-breaking convention
therefore selects no prominence. Under coarse learning, however, no prominence leaves the
overall brand valued at µ̄ < µO, so the consumer chooses the competitor in the limit.

Promoting only the high-quality product changes this outcome. Its favorable payoffs raise
34The same benchmark arises under learning with the finest partition: valuations converge to alternatives’

expected payoffs, and the subsequent high-sensitivity limit yields informed choice in every menu.
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the common brand valuation and encourage purchases of the low-quality product when
the competitor is available. Those disappointing payoffs pull the valuation back down. In
the limit, the two sources of evidence endogenously balance at indifference vH = µC , with
purchase probabilities 1 and q2 = (µh−µC)/(µC −µℓ) ∈ (0, 1) in states h and ℓ, respectively.
Limiting platform profit is (mh + q2mℓ)/2. The other three deterministic rules yield zero
limiting brand sales, so high-only prominence is uniquely optimal among them. The same
corrective feedback behind our limiting-indifference result in Theorem 5 thus sustains inferior
purchases despite continued learning from their payoffs.35

Adding a medium-quality product makes the platform’s trade-off more substantive. Suppose
now there are three states, h,m, ℓ, with

µh > µC > µm > µO > µℓ,
µh + µm

2 ≤ µC , mh,mm,mℓ > 0, (14)

and µ̄ < µO as before. Under complete information, prominence increases sales only in state
m; our tie-breaking convention therefore selects the medium-only prominence policy. Under
coarse learning, that policy also sells only the medium-quality product: its payoff calibrates
the brand valuation to µm, leaving even the high-quality product unpurchased. Promoting
both the high- and medium-quality products improves on this policy. Promoting only the
high-quality product can be more profitable still. Under high-only prominence, the in-house
brand’s limiting purchase probabilities in states (h,m, ℓ) are (1, q3, q3), where

q3 := µh − µC
2µC − µm − µℓ

∈ (0, 1).

High-and-medium prominence instead induces purchases (1, 1, 0). The platform compares
the additional low-quality sales under the first rule with the additional medium-quality sales
under the second. If mℓ ≫ mm, i.e. if the margins from the former are sufficiently higher
(as under a uniform umbrella-brand retail price P where unit production costs increase with
quality, so that net consumer payoffs µi = ui−P rise with quality while margins mi = P −ci

fall), the platform optimally uses deterministic prominence in the high state only.

Proposition 5 (Optimal deterministic prominence). Under (13) and (14), the optimal de-
terministic rule, with ties resolved in favor of less frequent prominence, is

τ ∗ =

⎧⎪⎨⎪⎩
(1, 0, 0), if q3mℓ ≥ (1 − q3)mm,

(1, 1, 0), if q3mℓ < (1 − q3)mm,
(15)

35While there are no literal singleton menus in this illustration, under high-state prominence only, {H,O}
serves as a focal menu for H with Alice choosing H almost surely in the long-run, high-sensitivity limit.
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with coordinates ordered as (h,m, ℓ). The profit-maximizing rule is unique whenever q3mℓ ̸=
(1 − q3)mm. The maximal limiting profit is Π∗

det = (mh + max{q3(mm +mℓ), mm})/3.

Promoting the medium-quality product secures its sales but dilutes the favorable evidence
that sustains vH = µC under high-only prominence. Relative to promoting both products,
high-only prominence sacrifices a fraction 1 − q3 of medium-product sales while generating a
fraction q3 of low-product sales. Condition (15) compares these gains and losses. Note that
with positive margins, while the complete-information optimal prominence rule is indepen-
dent of their magnitudes, the coarse-learning optimum depends on them.

Under high-only prominence, consumer welfare equals µC , its no-prominence level, in both
illustrations. Thus, the platform gains from prominence, not at the cost of the consumer,
but of its rival. Nonetheless, from the consumer’s standpoint, the same coarse representation
permits a better allocation. Holding prominence fixed, the ranking C ≻ H ≻ O selects the
high-quality product under prominence and the competitor elsewhere, yielding an additional
payoff of (µh − µC)/J for J = 2, 3. CQL cannot sustain this ranking: purchasing the brand
only in state h would raise its valuation to µh > µC , inducing purchases elsewhere. The gap
isolates the welfare cost of learning beyond the restriction to a common class ranking.

4.2 Optimal randomized prominence

Beyond deterministic prominence, randomization lets the platform adjust the composition
of purchases more precisely, expanding inferior product sales while accepting a lower learned
brand valuation. Return to the two-state illustration and consider the prominence strategy
τ = (1, t): always promote the high-quality product and promote the low-quality product
with probability t. Initially, low-state prominence only replaces purchases that already oc-
curred in competitive menus. Once t > q2, however, it increases low-quality sales. For

q2 < t < t∗2, where t∗2 := µh − µO
µO − µℓ

∈ (q2, 1),

the promoted mean (µh + tµℓ)/(1 + t) lies strictly between µO and µC . Consumers therefore
buy the brand under prominence and the competitor otherwise. Low-quality sales increase
with t, raising profit even as the learned brand valuation falls. The platform approaches its
profit supremum by taking t ↑ t∗2, pushing the brand valuation toward the outside option
from above. The three-state illustration follows the same logic. Consider τ = (1, 1, t): always
promote the high- and medium-quality products, and randomize prominence in the low state.
For

0 < t < t∗3, where t∗3 := µh + µm − 2µO
µO − µℓ

∈ (q3, 1),
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consumers again buy the brand precisely when it is promoted. Randomization thus secures
medium-quality sales while retaining profitable low-quality sales, resolving the tradeoff be-
tween the two deterministic candidates. The profit suprema in the two illustrations are

Πsup
2 = mh + t∗2mℓ

2 , Πsup
3 = mh +mm + t∗3mℓ

3 ,

each strictly exceeding every deterministic rule’s profit. These gains, however, have a welfare
cost. In both illustrations, every sequence approaching the respective profit supremum yields
consumer welfare and competitor sales share converging to

W ∗
j = µC − µC − µO

j
(j − 1 + t∗j) < µC , c∗

j =
1 − t∗j
j

> 0, j = 2, 3.

The competitor retains a positive share, but consumer welfare falls below its no-prominence
level. Along the stated policies, the platform’s randomization generates these sales shares:
consumers choose the brand under prominence and the competitor otherwise.

The same logic characterizes optimal randomized performance with any number of states.
Let di ∈ [0, 1] denote the limiting probability of a brand purchase in state i. Valuation
consistency equates the learned brand payoff with the purchase-weighted average of product
expected payoffs. Positive limiting sales therefore require

∑︂
i

(µi − µO)di ≥ 0 : (16)

favorable purchases must, on average, offset the unfavorable feedback from products below
the outside option. The supremum of limiting profit is exactly the maximum of J−1∑︁

imidi

over sales allocations satisfying this constraint. With nonnegative margins, a maximizing
allocation can fully include every product with µi ≥ µO. Products below the outside option
are then included in decreasing order of mi/(µO−µi), until the constraint binds, with at most
one product partially included. The platform thus prioritizes margin per unit of unfavorable
feedback. Slightly reducing prominence in the partially included below-outside-option state,
or in a fully included such state if none is partially included, keeps the promoted mean just
above µO and approaches the bound. Hence approximately optimal stationary rules need
randomize in at most one state.36 The appendix gives the characterization and proof.
36With strictly positive margins, no fixed stationary rule attains the supremum. At a rule whose promoted

mean equals µO, the limiting purchase probability under prominence is 1/2; approaching that mean from
above instead sustains purchase with probability 1. Each rule is evaluated after learning and the high-
sensitivity limit, before taking the policy limit. At any fixed finite sensitivity, an exact profit-maximizing
rule exists and can also be chosen to randomize in at most one state.
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Heterogeneous consumers: The randomized-policy characterization (16) extends to het-
erogeneous partitions. Suppose a positive fraction of consumers use the coarse brand cat-
egory, the remainder distinguish individual products, and the platform applies a common
prominence rule. The same family of policies approaches the profit supremum for every pos-
itive coarse share. Promoting every product at least as good as the outside option already
maximizes profit from finest-partition consumers, while adjusting prominence below that
threshold affects brand sales only to coarse consumers. In our illustrations, finest-partition
consumers also suffer from low-quality prominence: they reject the promoted product but
lose access to the competitor and take the outside option. Coarse learning can therefore
affect welfare even for consumers who distinguish every product.37

Regulation with prominence caps: In the all-coarse case, a cap on the frequency of
prominence at the optimal deterministic frequency may seem promising but need not preserve
consumer welfare. The platform can reallocate prominence from favorable products toward
inferior ones with higher margins, changing the composition of purchases without increasing
its prominence frequency. The appendix characterizes the profit supremum under any cap
and shows it can be approached by stationary prominence rules that randomize in at most
two states, and two-state randomization can be necessary even with a positive share of finest-
partition consumers.38 It identifies when policies approaching the profit supremum preserve
no-prominence welfare, yet gives an example where approximately optimal policies lower
welfare under every positive cap, though the welfare loss vanishes as the cap falls to 0.

4.3 Optimal costly stationary prominence

In practice, prominence may require advertising and promotional expenditure, or displace
other valuable uses of consumers’ attention. We show such costs can make deterministic
prominence optimal even when randomization is available, while preserving consumer welfare
at its no-prominence level. Suppose each use incurs a cost c ≥ 0, regardless of whether a
purchase follows. The platform maximizes limiting net profit Π∞(τ) − cT (τ), where T (τ) :=
J−1∑︁

i τi is its prominence frequency. Consumer payoffs and learning remain unchanged.
Costs make purchases of the in-house brand in competitive menus particularly valuable to
the platform since they generate revenue without requiring prominence.
37Consumer composition can change the optimal deterministic policy. In the three-state illustration (15), a

larger finest-partition share favors high-and-medium prominence over high-only prominence. The appendix
characterizes this comparison and proves the heterogeneous-consumer extension.

38More generally, for any fixed consumer mix, every stationary rule admits a replacement with the same
prominence frequency and weakly higher limiting population profit that randomizes in at most two states.
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To illustrate, let’s specialize the two-state environment to

(µh, µℓ) = (4, 0), µO = 5
2 , µC = 3, mh = mℓ = 1.

Without costs, the platform approaches its profit supremum by always promoting the high-
quality product and promoting the low-quality product with probability tending to 3/5. At
c = 2/3, however, high-only prominence uniquely maximizes net profit among all stationary
rules.39 It induces purchases (1, 1/3): favorable high-quality experiences sustain low-quality
purchases in the competitive menu, keeping the brand valuation at µC = 3. Gross profit is
2/3 and prominence frequency is 1/2, giving net profit 1/3.

The distinction between sales and prominence is essential. Promoting the low-quality prod-
uct with probability 1/3 generates exactly the same sales, but requires prominence in 2/3 of
periods and reduces net profit to 2/9. The sequence approaching the costless profit supre-
mum generates more sales, yet its net profit approaches only 4/15 at this cost. Competitive
mixing economizes on prominence, while the additional sales generated by more frequent pro-
motion no longer justify their cost. Consumer welfare consequently equals its no-prominence
level 3, compared with the lower costless-optimal limit 13/5.

Costs can also change which products receive prominence. Return to the three-state illustra-
tion and suppose all margins equal m > 0. Since q3 < 1/2, high-and-medium prominence is
optimal among deterministic rules when prominence is costless. At c = m, high-only promi-
nence instead becomes uniquely optimal among all stationary rules, including randomized
ones. The high-state sale just covers its prominence cost; its favorable feedback supports
profitable purchases in both unpromoted states. Net profit and consumer welfare are

Π∞
h − cTh = m(1 + 2q3) −m

3 = 2mq3

3 > 0, W∞
h = µC .

Thus costs can favor concentrating prominence on the best product, with competitive mixing
sustaining sales of the others. For arbitrary J , we optimize over the closure of feasible sales
allocations. Positive sales require a purchase-weighted brand mean payoff between µO and
µC , by valuation consistency. For each allocation, we minimize the prominence needed to
implement it, allowing approximation at the outside-option boundary. When the brand
valuation lies strictly between these thresholds, every brand purchase requires prominence.
At valuation µC , competitive purchases instead provide a baseline: di = q+ (1 − q)τi, where
di is the purchase probability in state i and q is the purchase probability in a competitive
39High-only prominence is uniquely optimal precisely for c ∈ [4/9, 8/9], as established in the appendix.
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menu. Holding sales fixed, increasing q reduces the prominence required. The least costly
implementation therefore uses q = mini di. If an optimal allocation takes only the values
q > 0 and 1, deterministic prominence implements it: promote the states with purchase
probability one and let competitive mixing supply purchases elsewhere.

The net-profit supremum equals the maximum gross profit net of this exact or limiting promi-
nence cost. An optimal policy, when one exists, or a sequence approaching the supremum can
be chosen to randomize in at most one state.40 The appendix gives the formal optimization
problem and proof. Whenever the optimum sustains brand valuation µC , consumer welfare
also equals µC : brand purchases yield that payoff on average, and remaining purchases go to
the competitor. Costs can therefore preserve welfare through competitive mixing, although
they need not select this outcome in every decision problem.

5 Discussion

5.1 A misspecified Bayesian learning interpretation

Limited salience provides a natural source of misspecification. Alice treats payoffs from
alternatives within the same similarity class as independent draws from a common stationary
distribution, so experience with any one alternative informs her assessment of the entire class.
Yet alternatives that coincide on salient dimensions may differ systematically in expected
payoffs because of attributes she overlooks. Alice therefore interprets variation arising from
these differences as noise around a common class mean.

We show that while coarse Q-learning requires neither a subjective likelihood for payoffs
nor a prior, its harmonic updating rule admits an exact Bayesian interpretation under a
misspecified model of class-level payoffs. Suppose Alice treats the payoffs observed from each
class s, conditional on an unknown mean µs, as independent draws from N(µs, σ2

s), where
σ2
s > 0 is known in her subjective model. She regards this payoff distribution as independent

of the menu and the particular alternative implementing the class. Suppose further that her
class means have independent priors µs ∼ N(v0(s), σ2

s/κs) , κs > 0. These are subjective
assumptions: the objective payoff distributions need not be Gaussian. Since the normal
likelihood is strictly positive at every real-valued payoff, Bayesian updating remains well-
defined after every finite realized history. Let Hk denote Alice’s observed history strictly
before date k, and let Nk(s) := ∑︁k−1

t=0 1{st = s}. Normal conjugacy yields a Gaussian
40A positive supremum is attained if and only if some maximizing sales allocation has a purchase-weighted

mean strictly above µO. Otherwise it is approached at the outside-option boundary, as in the costless case.
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posterior for µs with mean and variance

mk(s) := EA[µs | Hk] = κsv0(s) +∑︁k−1
t=0 1{st = s}rt

κs +Nk(s)
,

Vk(s) := VarA(µs | Hk) = σ2
s

κs +Nk(s)
,

where the subscript A indicates that posterior moments are computed under Alice’s subjec-
tive model. The posterior mean satisfies

mk+1(s) = mk(s) + 1{sk = s} rk −mk(s)
κs +Nk(s) + 1 .

This is exactly the CQL update in (2) with the harmonic learning rates in (3). Since m0(s) =
v0(s), it follows that mk(s) = vk(s) at every date along every realized path. The parameter
κs has the usual Bayesian interpretation as a prior pseudo-count. The representation also
describes how Alice’s subjective uncertainty evolves. Her posterior variance of the class mean
falls whenever that class is sampled and remains unchanged otherwise. For every fixed β ≥ 0,
Prop. 1 implies every class is sampled with positive lower limiting frequency. Consequently,
Vk(s) → 0 for every s ∈ S, almost surely under the objective law. Thus, Alice becomes
arbitrarily confident about each class’s expected payoff in her subjective model.

Vanishing posterior uncertainty does not, however, require convergence of posterior means.
Under the conditions of Theorem 7, the stochastic joint process almost surely has a non-
trivial periodic orbit as its limit set, and valuations and choice probabilities do not converge.
In these environments, Alice’s posteriors become increasingly concentrated around means
whose vector continues to move. She interprets her observations as evidence about fixed
class-level payoff distributions, while her changing valuations alter the composition of the
menus and alternatives generating those observations. Endogenous selection can therefore
sustain non-stationary behavior even as subjective uncertainty vanishes.41

The Bayesian interpretation of valuation updating has a complementary choice-theoretic
representation. Given current posterior means vk and menu ω, suppose Alice chooses σ ∈
41The posterior-mean correspondence extends to other regular one-parameter natural exponential families

with scalar sufficient statistic T (r) and Diaconis-Ylvisaker conjugate priors (Diaconis and Ylvisaker, 1979).
With a positive prior pseudo-count and a prior mean in the interior of the convex support of T (r), the
posterior expectation of the mean statistic is the corresponding pseudo-count-weighted average of the
observed T (r) values. Objectively realized observations must be compatible with the subjective likelihood,
and the posterior must remain proper after every finite history. When T (r) = r, this reproduces the
original CQL update; otherwise, the correspondence concerns the recursion using T (r) as its update target.
Examples include Bernoulli-Beta, Binomial-Beta, and Poisson-Gamma specifications.
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∆(ω) to maximize current subjective expected payoff net of an entropy cost:

max
σ∈∆(ω)

{︄∑︂
s∈ω

σsvk(s) − 1
β

∑︂
s∈ω

σs log
(︄

σs
1/|ω|

)︄}︄
, β > 0.

The cost is proportional to the relative entropy from uniform choice, penalizing concentration
on particular classes and thereby encouraging exploration. The unique optimizer is

σs = exp{βvk(s)}∑︁
r∈ω exp{βvk(r)}

, s ∈ ω,

precisely our logit rule. Larger β lowers the cost relative to payoff differences; uniform choice
is recovered as β ↓ 0. Thus the benchmark combines Bayesian updating under Alice’s sub-
jective payoff model with entropy-regularized choice based on current posterior means.

5.2 Cognitive Complexity & Choice Overload

Beyond limited salience, CQL also admits a tractability interpretation, taking the similar-
ity partition as given. Let n := |S|. Separately evaluating each class conditional on the
menu would remove the choice distortions seen above as Alice would asymptotically learn
the expected payoff of each class in every menu correctly, and her welfare would approach
the efficient benchmark ∑︁ω∈Ω p(ω) maxs∈ω πs(ω) as β → ∞. However, it would require one
valuation v(s, ω) for every supported pair with s ∈ ω, giving ∑︁ω∈supp(p) |ω| ≤ n · 2n−1 coor-
dinates, with equality when all nonempty class menus are supported. Alternatively, directly
evaluating performance under every strict class ranking guarantees the oracle welfare W coarse

asymptotically, yet entails n! candidates, exceeding n ·2n−1 for n ≥ 5. On the contrary, CQL
maintains only n valuations and n visit counts, independently of the number of menus.

The burden of conditioning on menus is also statistical: each v(s, ω) is updated only when
that particular menu occurs and class s is chosen. Rarely encountered pairs therefore provide
little feedback. CQL pools observations across menus, reducing the number of quantities to
estimate. This economy comes at a cost when class payoffs vary across menus. Current
valuations determine which menus contribute observations to each class, so the pooled as-
sessment reflects a composition of experiences shaped by Alice’s own choices. The feedback
between valuations and this endogenous selection drives our results.

The finite-class representation also accommodates infinitely many objective alternatives.
Within-class choice can be specified by a fixed measurable probability kernel supported on
the available alternatives. Whenever the induced reduced decision tree is finite and satisfies
our maintained sampling and moment assumptions, our results apply to that tree.
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We also note that menu variation need not reflect changes in physical availability. As the
prominence application illustrates, it can instead arise from changes in which alternatives
enter the consumer’s consideration set. More generally, our analysis applies to such ef-
fective menus whenever their evolution satisfies the maintained independence assumptions.
The similarity partition describes how Alice groups alternatives, while the considered menu
determines which alternatives, and hence which classes, enter her current choice.

Finally, singleton-payoff shifts admit an interpretation as reduced-form choice aversion or
affinity across classes (Iyengar and Lepper, 2000). If ua(ψ) = µa(ψ) + ξ(ψ), the component
ξ(ψ) is common to all alternatives in a menu and leaves within-menu payoff comparisons
unchanged, but affects assessments pooled across menus. Setting ξ(ψ) = z 1{|ρ[ψ]| = 1}
assigns a bonus to the absence of between-class choice when z > 0, and a penalty when
z < 0. Under the conditions of Theorems 5 and 6, sufficiently large positive shifts produce
limiting indifference, whereas sufficiently negative shifts yield multiple locally stable SVE at
high sensitivity when all binary menus are supported.

6 Related Literature

Our closest point of contact is Jehiel and Samet (2007) who introduce valuation equilibrium
(VE) for extensive-form games with similarity classes. They motivate VE through learning
but leave the convergence of learning over similarity classes open. We analyze such learning
explicitly in stationary single-agent bandit problems. Its steady states are smooth valua-
tion equilibria (SVE), whose high-sensitivity limits refine VE. Using o-minimal geometry,
we show that the set of limiting SVE is generically finite even when VE form continua.
For strict VE, closest-loss consistency characterizes this refinement: valuations of classes
left unchosen by the limiting policy must reflect the mean payoff in menus in which their
valuation disadvantage is smallest. Every strict VE satisfying this condition is approached
by locally stable SVE at all sufficiently high sensitivities. Additionally, we show how the
endogenous composition of observations can produce either limiting indifference or multiple
self-confirming strict rankings or oscillating rankings when no equilibrium is stable.

The endogenous composition of experience also connects CQL to Bayesian learning under
misspecification. Berk-Nash equilibrium (Esponda and Pouzo, 2016) requires beliefs to best
fit the observations generated by behavior, while Esponda et al. (2021) characterize learning
through the dynamics of empirical action frequencies. Our harmonic update has an exact
posterior-mean interpretation under a subjective Gaussian model, although objective payoff
laws need not be Gaussian. With finite reward outcomes, product-Dirichlet priors also give
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an exact Bayesian interpretation. Under singleton-menu support, the argmax counterpart of
CQL (optimal choices as opposed to logit-optimal) embeds in the framework of Fudenberg
et al. (2021): VE correspond to strongly uniform Berk–Nash equilibria, and strict VE inherit
local stochastic stability from sufficiently concentrated priors. Applying their strict-stability
theorem to finite menu-contingent plans also gives every mixed VE a stable purification
through arbitrarily small payoff shocks. The appendix develops these connections formally.
They do not by themselves determine the refinement induced by logit exploration, where
we fix sensitivity during learning before taking its high-sensitivity limit. We also identify
general conditions for global convergence of the CQL dynamics: constant competitive-menu
payoffs ensure convergence toward the SVE set, while nonpositive payoff-crowding covariance
ensures convergence to a unique SVE, even when singleton menus are not in support.

Our learning rule builds on payoff-assessment models that update values directly from real-
ized rewards (Sarin and Vahid, 1999; Jehiel and Samet, 2005; Cominetti et al., 2010). Our
departure is to pool rewards across alternatives in a class, so the distribution being assessed
depends on the learner’s choices across menus. This connects the paper to analogy-based
expectation equilibrium (Jehiel, 2005) in games, where players aggregate observations when
forming expectations, and case-based decision theory (Gilboa and Schmeidler, 1995), where
evaluations depend on outcomes in similar past cases.42 We take the similarity partition as
given and study the feedback it creates between choice and experience. The resulting distor-
tions can persist even when every class is sampled indefinitely. Coarsening therefore changes
long-run behavior, beyond its familiar benefits for memory and sample complexity.

Our cycling result contributes to the study of persistent oscillation under misspecification
(Nyarko, 1991; Fudenberg et al., 2017; Esponda et al., 2021). It isolates endogenous selection
of observations under a fixed similarity partition as a source of non-convergence. We show
the existence of an open set of decision trees with three classes and three independently
drawn menus, in which sufficiently sensitive choice yields a unique unstable SVE, and the
stochastic learning process almost surely has a nontrivial periodic limit set. Coarse inference
can thus sustain oscillation in a stationary bandit problem even as learning rates vanish and,
under the Bayesian interpretation, subjective uncertainty disappears.

The application adds a learning channel to the economic analysis of the effects of algorith-
mic prominence and self-preferencing by online marketplaces on consumer choice (Lee and
Musolff, 2025; Hagiu et al., 2022) and derives novel conclusions: prominence changes the
experiences pooled under a brand and thereby demand for the platform’s own brand when
42VE is also conceptually related to Personal Equilibrium (Spiegler, 2016): Alice’s choices generate the data

used to fit a misspecified subjective model, and the fitted beliefs/valuations in turn justify those choices.
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the competitor remains available. We characterize optimal stationary prominence and show
how its costs can favor deterministic policies that sustain competitive mixing, while improv-
ing consumer welfare relative to costless promotion by preserving its no-prominence level.
Our use of similarity classes connects CQL to the theory of coarse thinking. Mullainathan
et al. (2008) show how categorical inference transfers the meaning of information across sit-
uations, creating scope for persuasion. Our application develops a related dynamic channel
of category transference: prominence changes actual purchases, and favorable experiences
with promoted products sustain demand for other inferior products under the same brand.
Brand assessments are thus jointly determined with the purchases they induce.

The endogenous feedback mechanism also connects CQL to selection neglect. Jehiel (2018)
studies investors who assess projects using the returns of previously implemented projects
without correcting for the selection governing the observed sample.43 In our setting, a single
agent generates her own sample through repeated choices across menus and pools the expe-
rienced payoffs within classes. We characterize how the neglected dependence of this sample
on her valuations shapes learning. We show selection can produce corrective feedback and
globally convergent learning whose high-sensitivity limit sustains indifference and mixing,
or reinforcing feedback supporting distinct stable strict rankings. These effects arise with
stationary payoff distributions and independently drawn menus, and persist despite contin-
ued sampling and vanishing learning rates. Our welfare analysis separates the restriction
imposed by common class valuations from the additional losses induced by learning those
valuations as payoff assessments. An informed oracle can optimize within the same coarse
representation, yet we show mere constant-payoff calibration and a monotone choice rule
preclude attaining its optimal performance in some decision problems, even with arbitrary
history-dependent reweighting of observations.

7 Conclusion

Coarse Q-learning makes the composition of experience endogenous even in stationary ban-
dit problems with independently drawn menus. Although each alternative has a fixed payoff
distribution with independent draws, the mixture sampled within a class depends on the val-
uations guiding choice. This feedback can produce globally attracting equilibria with limiting
indifference and endogenous mixing, multiple stable strict rankings, or persistent oscillations.
These outcomes arise from the interaction between coarse representation and the selection
43A related mechanism appears in Esponda (2008): naive buyers learn average quality from purchased

goods but neglect how changing their bids alters the composition of purchases. In CQL, choices similarly
determine the composition of payoff observations pooled within each class, although Alice interprets each
class as a stationary mixture bandit arm.
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of observations, without non-stationary fundamentals or strategic interaction. The welfare
cost of coarse learning extends beyond the restrictions imposed by coarse representation.
Even when a better policy is available under the same categories and common class scores,
learning those scores as averages of experienced payoffs need not recover it. Reweighting ob-
servations across menus does not provide a general remedy: efficient scores encode priorities
across menus that need not agree with the ordering of payoff estimates.

The application shows why this distinction matters for digital marketplaces. Prominence
shapes the experiences pooled under a brand, so promoting good products can sustain pur-
chases of inferior ones even when competitors remain available. With costless prominence,
randomized policies can yield higher profit than every deterministic rule while reducing con-
sumer welfare below its no-prominence level. Prominence costs can instead make determin-
istic policies sustaining competitive mixing optimal and preserve that welfare benchmark.
These findings highlight the composition of promoted experiences, alongside the frequency
of prominence, as a determinant of market outcomes. A natural next step for future research
is to study when decision-makers revise their categories, and whether they can learn better
choice priorities while retaining a small set of valuations.
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